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DECIDABLE FRAGMENTS OF THEORIES
IN
FIELD ARITHMETIC
CHUN-YU LIN
Abstract. In this paper, we show that the ∃∀ theories of Hilber-
tian fields with charateristic 0 and perfect Hilbertian fields are both
decidable. We also prove that the ∀∃ theories of Hilbertian fields
with charateristic 0, Hilbertian fields, PAC fields with characteris-
tic 0, and PAC fields are all decidable.
1. Introduction
In mathematics, we often face problems take the form: find an effec-
tive procedure by means of which it can be determined in finite steps for
each element of our interested set, whether or not the element satisfied
the defining property. The solution of such problem usually consists
of exhibiting algorithmic-like arguments or proofs to demonstrate that
procedure. The problems of this kind are called decision problems or
decidability of theories which depends on the set we considered.
Most of the decision problems in mathematics are solvable[19]. How-
ever, there are still some decision problems that are unsolvable. For ex-
ample, the word problem is unsolvable [1]. Hilbert’s tenth problem over
Z and N are both unsolvable [4]. For the first order theories, the cases
are different. In 1931, K. Go¨del announced his famous incompleteness
theorem which implies that the elementary theory of 〈N,+, ·, 0, 1〉 and
〈Z,+.·, 0, 1〉 are undecidable [6]. On the other hand, C. H. Langford
proved in 1927 that the elementary theory of 〈N,≤〉 is decidable [12].
There are many elementary theories of various mathematical structure
have been proved to be decidable or undecidable since then. We list
some theories of fields which have been proved to be undecidable and
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refer to [5] and [14, Chapter 13 and 16] for exhaustive lists of decidable
and undecidable theories.
Theorem 1. The following elementary theories in the language L∇〉\}
of ring are all undecidable.
(1) The elementary theory of fields, [21],
(2) The elementary theory of fields of characteristic 0 [21],
(3) The elementary theory of algebraic number fields [22],
(4) The elementary theory of Hilbertian fields [7],
(5) The elementary theory of PAC fields [2].
Even if we consider the same domain, different structures may have
different decidability of the elementary theories. The results proposed
by Go¨del and Langford mentioned above are good examples. But for
those structures whose elementary theories are undecidable, we may
ask the following problem:
Question 2. What subsets of undecidable theories are decidable or
undecidable ? We try to find the decidable fragments(i.e. dividing
line) of decidability of different theories.
For the question 2, there are two different approaches: different num-
bers of quantifier, different kinds of quantifier ( ∀ or ∃ ). To discuss
these two approaches, we need some definition of terminology.
Definition 1. Let Q deote the quantifier ∀ or ∃. We call ϕ a Qm1 Q
n
2
sentence form,n ∈ N if and only if ϕ is logically equivalent to a sentence
of the form Q1x1 · · ·Q1xmQ2y1 · · ·Q2ynϕ
′(x1, . . . , xm, y1, . . . , yn) where
ϕ′ is a quantifier-free formula. We call ψ a Qm1 Q
n
2 equation if and only
if ψ is of the form
Q1x1 · · ·Q1xmQ2y1 · · ·Q2ynf(x1, . . . , xm, y1, . . . , yn) = 0
where f is a polynomial.
For example, Hilbert’s Tenth Problem can be formulated in the form
of question as: Decide whether or not the set of ∃n equations for all
n ≥ 0 over N and Z are decidable. For sets of Qm1 Q
n
2 sentences, we
formulate following definition.
Definition 2. Let Q denote the quantifier ∀ or ∃. We call a subset
of elementary theory Th(K) (resp. Th(K)) of an mathematical struc-
ture K (resp. a class of mathematical structure K) a Qm1 Q
n
2 theory if
it consists of Qm1 Q
n
2 sentences which is true in K ( resp. true in all
mathematical structures in K).
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Of course, we can extend the definition for Qm1 Q
n
2 equation and the-
ory to Qm11 · · ·Qnmn for m1, . . . , mn ∈ N and Q1, . . . , Qn ∈ {∀, ∃} like
arithmetical hierarchy in recursion theory. But the there are few re-
sults in three or more alternative quantifiers of Qm11 · · ·Qnmn theory
over other algebraic structures than N and Z. So we mainly consider
Qm1 Q
n
2 equation and theory. Notice that if we know that a Q
m
1 Q
n
2
theory of some mathematical structures (or a class of mathematical
structures) is decidable, then so is the set of Qm1 Q
n
2 equations. But if
a Qm1 Q
n
2 theory of some mathematical structures (or a class of math-
ematical structures) is undecidable, it may still happens that the set
of Qm1 Q
n
2 equations is decidable. Since Hilbert’s tenth problem over N
and Z are unsolvable, we may ask what is the least n such that the set
of ∃n equations for all n ≥ 0 over N and Z are undecidable ? This is
the first approach of our question 2.
Theorem 3. (1) The set of ∃n equations over N is undecidable for
all n ≥ 9 [9].
(2) The set of ∃n equations over Z is undecidable for all n ≥ 11 [30].
Note that the set of ∃ equations over N and Z are decidable as [13]
indicates. Since the decidability of ∃2 equations over N and Z are still
unknown [4], we still have no answer for 2 ≤ n ≤ 8 in the case of N
and for 2 ≤ n ≤ 10 in the case of Z. For the second approach, we can
separate it into global and local directions.
Definition 3. The global and local approach of different quantifier of
decidable fragments are defined as following:
(1) The global direction consider the Qm1 Q
n
2 sentences with m or n
to be all natural numbers.
(2) The local direction consider the Qm1 Q
n
2 sentences with fixed nat-
ural number m,n.
Note that the Π01, Σ
0
1, Π
0
2, and Σ
0
2 sentences in recursion theory are
all special cases of above definition.
Theorem 4. We have following results about decidability of the set of
Qm1 Q
n
2 equations and in global direction.
(1) The set of ∃n equations for all n ∈ N over N and Z are both
undecidable [4]. (For the decidability ∃n equations with all n ∈
N over other commutative rings, see [17]),
(2) The set of ∀n∃ equations for all n ≥ 0 over Z is decidable but the
set of ∀n∃ equations for all n ≥ 0 over N is undecidable. Also,
the set of ∀n∃2 equations for all n ≥ 0 over Z is undecidable [24].
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If we consider the global direction in Qm1 Q
n
2 theory, the results are
slightly different.
Theorem 5. For all m,n ∈ N, we have following results:
(1) The ∀m∃n theories of N and Z are undecidable, respectively [24],
(2) The ∀m∃n theory of Q is undecidable [11],
(3) The ∀m∃n theory of a number field are undecidable [16],
(4) The ∀m theories of fields and integral domains are both decid-
able [15],
(5) The ∃m theory of PAC fields is decidable [7].
Now, for the local direction, we often consider the case in ∀m∃n
theories so that the decidability of ∀m∃n equations are determined au-
tomatically.
Theorem 6. We have the following results about decidability of Qm1 Q
n
2
theory in global direction.
(1) The set of ∀∃ equations over N and Z are both decidable [10],
(2) The ∀∃ and ∃∀ theory of N,Z,Q and an algebraic number field
K are decidable, respectively [25, 26],
(3) The ∀∃ theory of algebraic number fields, fields of characteristic
0, and fields are decidable, respectively [26],
(4) The ∀∃ theory of integral domains is decidable [27],
(5) The ∀∃ theory of algebraic integer rings is decidable [28].
2. Decidability of ∃∀ theories
In this section, we investigate the decidability of ∃∀ theory of class
of Hilbertian fields of characteristic 0 and perfect Hilbertian fields.
From Theorem 1 in the Introduction, we know that the elementary
theory of Hilbertian fields and PAC fields are both undecidable. Also,
from [23, P. 304-305], we know that the elementary theory of any class
of fields which contains Q is undecidable. Then the elementary theories
of Hilbertian fields of characteristic 0 and perfect Hilbertian fields are
both undecidable too.
With undecidable theories above, we want to investigate what frag-
ments of theory Hilbertian fields and PAC fields are decidable ? In the
following paragraphs, we show that the elementary theory of Hilbertian
PAC fields of characteristic 0 is decidable first. Using this result, we
prove that the ∃∀ theory of Hilbertian fields of characteristic 0 and per-
fect Hilbertian fields are both decidable. Let Frob(K,G) be the class of
perfect Frobenius fields M containing a field K with all finite quotient
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Im(Gal(M)) of absolute Galois groups Gal(M) being isomorphic to
finite quotient Im(G). The following important theorem from [7, The-
orem 30.6.2] shows that the elementary theory of the class Frob(K,G)
of is decidable.
Theorem 7. Let K be a presented field with elimination theory and G
a superprojective group such that Im(G) is primitive recursive. Then
there exists a primitive recursive decision procedure for the theory of
Frob(K,G).
We prove that the decidability of ω−free PAC fields of characteristic
0 using this key fact.
Theorem 8. The elementary theory of ω-free PAC fields of character-
istic 0 is decidable.
Proof. Denote the elementary theory of ω-free PAC fields of charac-
teristic 0 as Th(ω -PAC0). From [7] We know Q is a presented field
with splitting algorithm through and has elimination theory by Propo-
sition. Also, the free pro-C group of rank ℵ0 with formation C of all
finite groups, Fˆω, is superprojective. Applying Theorem 24.8.1 in [7],
we have Im(Fˆω)=C which is primitive recursive. Thus, we conclude that
the elementary theory of Frob(Q, Fˆω), denoted as Th(Frob(Q, Fˆω)), is
decidable through Theorem 7.
Now to show Th(ω -PAC0) = Th(Frob(Q, Fˆω)), it’s sufficient to show
that the class of ω-free PAC fields of characteristic 0 is the same class as
Frob(Q, Fˆω). Let K be an ω-free PAC fields of characteristic 0. By def-
inition, every finite embedding problem for the absolute Galois group
Gal(K) is solvable. From Theorem 24.8.1 in [7], Gal(K) is isomorphic
to Fˆω. Using Theorem 24.8.1 in [7], we have Im(Gal(K))=C = Im(Fˆω)
where C is the family of all finite groups and Gal(K) has the embedding
property. Since K is of characteristic 0, K contains Q. Therefore, we
have K ∈ Frob(Q, Fˆω). Conversely, suppose that M is a perfect Frobe-
nius field containing Q with Im(Gal(M)) = Im(Fˆω) By definition, we
know that Gal(M) has the embedding property and M is a PAC field.
Then Gal(K) is isomorphic to Fˆω. Note that Im(Gal(M)) consists of
all finite groups through the equality setting above. This tells us that
every finite embedding problem for Gal(M) is solvable. Therefore, M
is an ω-free PAC field of characteristic 0 and we finish our proof. 
Corollary 1. The elementary theory of Hilbertian PAC fields of char-
acteristic 0 is decidable.
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Proof. From Theorem 5.10.3 in [8], we know that an ω-free PAC field
is the same as a Hilbertian PAC field. Note that Th(ω -PAC0) is
decidable by Theorem 8. Then we get the desired result. 
Now, we prove some techniques which will be used in the proof fol-
lowing theorems.
Lemma 1. Let K be a Hilbertian field and ϕ(x¯, y) be a formula in
disjunctive normal form. If ∀x¯∃yϕ(x¯, y) is true in K, then there exists
an i and polynomial F (x¯) and G(x¯) 6≡ 0 over K such that in K[x¯, y],
G(barx)y − F (x¯) are irreducible common factor of each fi,j(x¯, y), 1 ≤
j ≤ mi, but not a factor of any gi,k(x¯, y), 1 ≤ k ≤ ni.
Proof. From Theorem 3.2 in [29], we can find p(x¯) ∈K(X¯) such that
ϕ(x¯, p(x¯)) is true in K(X¯) since ϕ¯(y) ≡ ϕ(x¯, y) over K(X¯). Then there
exists an 1 ≤ i ≤ s so that
∧mi
j=1 fi,j(x¯, p(x¯)) = 0∧
∧ni
k=1 gi,k(x¯, p(x¯)) 6= 0
is true in K(X¯). Write p(x¯) = F (x¯)
G(x¯)
where F(x¯) and G(x¯) are relatively
prime and F(x¯),G(x¯)∈ K[x¯] with G(x¯) 6≡ 0. By Factor Theorem, y−F (x¯)
G(x¯)
is an irreducible common factor of each fi,j(x¯, y), but not a factor of
any gi,k(x¯, y) for 1 ≤ k ≤ ni. Then Gauss lemma shows that G(x¯)y-
F(x¯) is an irreducible common factor of each fi,j(x¯, y) but not a factor
of any gi,k(x¯, y) for 1 ≤ k ≤ ni. This finishes our proof. 
Through this lemma, we can prove the preservation theorem of ∀∃
sentences over Hilbertian field.
Proposition 1. Let K be a Hilbertian field contained in a field F. If K
is algebraically closed in F, then F satisfies all ∀∃ sentences true in K.
Proof. Suppose that there exists an ∀∃ sentence which is true in K but
false in F. Reduce ϕ(x, y) to disjunctive normal form. Thus, ϕ(x, y)
is logically equivalent to
∨s
i=1[
∧mi
j=1 fi,j(x, y) = 0 ∧
∧ni
k=1 gi,k(x, y) 6= 0]
where fi,j(x, y) and gi,k(x, y) are polynomials over Z. By Corollary 1,
there exists an i and polynomials F(x),G(x)∈K[x], with G(x) 6≡ 0, such
that G(x)y-F(x) is an irreducible common factor of the polynomials
fi,j(x, y) for 1 ≤ j ≤ mi, but not a factor of gi,k(x, y) for 1 ≤ k ≤ ni.
Since F|= ∃x∀y¬ϕ(x, y), choose x′ ∈F so that F|= ∀y¬ϕ(x′, y). Be-
cause K|= ∀x∃yϕ(x, y), x′ ∈F−K by preservation theorem of univer-
sal sentence. Since K is algebraically closed in F, G(x′) 6= 0. Then
fi,j(x,
F (x)
G(x)
) = 0 for every 1 ≤ j ≤ mi shows that F|=
∧
j fi,j(x
′,
F (x′)
G(x′)
) =
0. Note that G(x)y-F(x) is not a factor of gi,k(x, y) in K(X)[y] for any
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1 ≤ k ≤ ni, so gi,k(x,
F (x)
G(x)
) 6= 0 in K(X). Since x’ is transcenden-
tal over K, we have gi,k(x
′,
F (x′)
G(x′)
) 6= 0. Thus F|=
∧
j fi,j(x
′,
F (x′)
G(x′)
) = 0 ∧
∧
k gi,k(x
′,
F (x′)
G(x′)
) 6= 0 for some i. Therefore, F|= ∃yϕ(x′, y) with y = F (x)
G(x)
which contradicts to the assumption. This finishes our proof. 
Using Proposition 1, Corollary 1, we can get following series of de-
cidable results about ∀∃ and ∃∀ theories of Hilbertian fields and PAC
fields.
Theorem 9. The ∃∀ of Hilbertian field of characteristic 0 is the same
as the ∃∀ theory of Hilbertian PAC fields of characteristic 0.
Proof. Since every Hilbertian PAC field of characteristic 0 is a Hilber-
tian field of characteristic 0, the ∃∀ theory of Hilbertian fields of char-
acteristic 0 is contained in the ∃∀ theory of Hilbertian PAC fields of
characteristic 0. We want to show that these two sets are in fact the
same. Suppose that there is an ∃∀ sentence ∃x∀yϕ(x, y) with ϕ(x, y)
quantifier-free which is true in every Hilbertian PAC fields of character-
istic 0 but false in a Hilbertian field K of characteristic 0.From Propo-
sition 13.4.6 in [7], we know that Every field K has a regular extension
F which is PAC and Hilbertian.Denote this Hilbetian PAC field with
characteristic 0 as F. Using Proposition 1, we have F |= ∀x∃y¬ϕ(x, y)
which contradicts to the assumption. 
Corollary 2. The ∃∀ theory of Hilbertian fields of characteristic 0 is
decidable
Proof. From Corollary 1, the ∃∀ theory of Hilbertian PAC fields of
characteristic 0 is decidable. Then the Theorem 9 tell us the result we
want. 
Actually, we can extend the above result to perfect Hilbertian fields.
We quote the following theorem[7] about decidability of elementary
theory of perfect Frobenius fields.
Theorem 10. Let C be a primitive recursive full family of finite groups.
Then the theory of perfect Frobenius fields M such that each Gal(M) is
a pro-C group is primitive recursive.
From this theorem, we have the decidability of perfect ω-free PAC
fields.
Theorem 11. The elementary theory of perfect ω-free PAC fields is
decidable.
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Proof. From definition of Frobenius field and Corollary 24.8.2 in [7], we
know that K is a perfect ω-free PAC fields if and only if K is a perfect
Frobenius field where Gal(K) is isomorphic to Fˆω. Using Theorem
31.1.4 in [7], we have the desired result. 
Theorem 12. The ∃∀ theory of perfect Hilbertian fields is decidable.
Proof. Note first that the perfect Hilbertian PAC field is the same as
the perfect ω-free PAC field. We claim that the ∃∀ theory of perfect
Hilbertian fields and the ∃∀ theory of perfect Hilbertian PAC fields are
identical. Then the result follows from Theorem 11.
Since every perfect Hilbertian PAC fields is a perfect Hilbertian field,
the ∃∀ theory of perfect Hilbertian fields is contained in the ∃∀ theory
of perfect Hilbertian PAC fields. Suppose that there is an ∃∀ sen-
tence ∃x∀yϕ(x, y) with ϕ(x, y) quantifier-free which is true in all per-
fect Hilbertian PAC fields of but false in a perfect Hilbertian field K.
Then there exists a regular extension F which is Hilbertain and PAC.
Since K is perfect, F is also perfect. But Proposition 1 tells us that
F |= ∀x∃y¬ϕ(x, y) which contradicts to our assumption, This finishes
our proof. 
3. Decidable ∀∃ theories
Using the Theorems proved in previous section, we can give the proof
of the decidability of ∀∃ theory of Hilbertian fields of characteristic 0.
First, we need the following lemma about preservation of ∃n∀ sentences
over Hilbertian fields.
Lemma 2. Let K be a Hilbertian field and F is a regular extension of
K. Then F satisfies all the ∃n∀ sentences true in K for arbitrary n.
Proof. The proof of this lemma is essentially the same as the proof of
Proposition 2.4 in [27]. 
Theorem 13. The ∀∃ theory of Hilbertian fields of characteristic 0 is
decidable.
Proof. From Corollary 1, the ∀∃ theory of Hilbertian PAC fields of
characteristic 0 is decidable. If we shows that the ∀∃ theory of Hilber-
tian fields of characteristic 0 and the ∀∃ theory of Hilbertian PAC fields
of characteristic 0 are identical, then we get the desired result.
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Since every Hilbertian PAC fields of characteristic 0 is a Hilbertian
field of characteristic 0, the ∀∃ theory of Hilbertian fields of character-
istic 0 is contained in the ∀∃ theory of Hilbertian PAC fields of char-
acteristic 0. To show that these two sets are in fact the same, suppose
that there exists an ∀∃ sentence ∀x∃yϕ(x, y) with ϕ(x, y) quantifier-
free which is true in every Hilbertian PAC fields of characteristic 0 but
false in a Hilbertian field K of characteristic 0. From Proposition 13.4.6
in [7], we can find a Hilbertian PAC field F which is regular extension
of K. Then Lemma 2 tell us that F |= ∃x∀y¬ϕ(x, y) which contradicts
to our assumption. 
Remark 14. The ∀∃ theory of Hilbertian fields of characteristic 0 is
contained in the ∀∃ theory of number fields and containing the ∀∃
theory of fields of characteristic 0. From Theorem 3.1 in [27], we know
that the ∀∃ theory of number fields and the ∀∃ theory of fields of
characteristic 0 are equal. So the three ∀∃ theories above are all equal
and we get the decidability result through Theorem 3.3 in [27].
Corollary 3. The ∀n∃ theory of Hilbertian fields of characteristic 0 is
decidable for arbitrary positive integer n.
Proof. From Corollary 1, the ∀n∃ theory of Hilbertian PAC fields of
characteristic 0 is decidable for arbitrary positive integer n. Since
Lemma 2 shows the preservation of ∃n∀ sentences over Hilbertian fields,
we can directly modify the proof in Theorem 13 to show that the ∀n∃
theory of Hilbertian fields of characteristic 0 and the ∀n∃ theory of
Hilbertian PAC fields of characteristic 0 are identical for arbitrary pos-
itive integer n. This proves the result we want. 
Next, we prove the decidability of ∀∃ theory of Hilbertian fields.
From Exercise in [3], we can easily get the following preservation the-
orem of ∃n∀m sentences for all m,n ∈ N.
Proposition 2. Let A,B be L-structures. If A is existentially closed
in B. then every ∃n∀m sentence for all m,n ∈ N true in A is also true
in B.
Proof. If there exist an ∃n∀m sentence which is true in A but false in B
for some m,n ∈ N, then we can find that the negation of ∃n∀m sentence
(i.e. ∀n∃m sentence) is also true in A by the Exercise in [3] and leads
to a contradiction. 
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But from Proposition 1 in [20], we know that the existentially closed
property can be characterized by transcendental extension in field the-
oretic sense.
Theorem 15. [20] Let K be an infinite field and F is an extension field
of K. If F is purely transcendental extension of K, then K is existentially
closed in F.
Note that the Theorem above require the fields to be infinite. But
from [7], we know that the Hilbertian fields and PAC fields are infinite.
Therefore, we first prove that the decidability of ∀∃ theory of infinite
fields.
Proposition 3. The ∀∃ theory of infinite fields is decidable
Proof. Let ∀x∃yϕ(x, y) be an ∀∃ sentence. Reduce ϕ(x, y) to disjunc-
tive normal form:
∨s
i=1[
∧mi
j=1 fi,j(x, y) = 0 ∧
∧ni
k=1 gi,k(x, y) 6= 0]. Sup-
pose that ∀x∃yϕ(x, y) is true in all fields of characteristic 0. Then
∀x∃yϕ(x, y) in true in the rational number. Notice that Q is a Hilber-
tian field by Hilbert’s irreducibility theorem. From Corollary 1, there
exist an i and polynomials F (x), G(x) ∈ Q[x], with G(x) 6≡ 0, such that
G(x)y−F (x) is an irreducible common factor of fi,j(x, y) in Q[x, y] for
1 ≤ j ≤ mi but not a factor of gi,k(x, y) for 1 ≤ k ≤ ni. As in Q,
we have a splitting algorithm to factor fi,j(x, y) and gi,k(x, y) for every
i, j, k over Q and looking for the polynomial G(x)y − F (x) which sat-
isfies our requirement. From Gauss’ lemma, we may assume that F(x)
and G(x) are polynomials over Z. Let m be the maximal degree of y
in gi,k(x, y) such that gi,k(x,
F (x)
G(x)
) ·G(x)m are over Z for all 1 ≤ k ≤ ni.
Then consider the greatest common divisor of the contents of G(x) and
gi,k(x,
F (x)
G(x)
) ·G(x)m for 1 ≤ k ≤ ni, and denote it by b. From the proof
of Theorem 3.7 in [27], we know that ∀x∃yϕ(x, y) is true in all infinite
fields iff ∀x∃yϕ(x, y) holds in all fields of characteristic 0 and ∃yϕ(t, y)
holds in every rational function field Fp(t), where p is a prime divisor
of b. Corollary 3.4 and final paragraphs of proof of Theorem 3.7 in [27]
implies ∀x∃yϕ(x, y) is true in all infinite fields is decidable. 
From Theorem 13.4.2 in [7], every finitely generated transcendental
extension of an arbitrary field is Hilbertian. This gives us a way to
connect infinite fields and Hilbertian fields.
Theorem 16. The ∀∃ theory of Hilbertian fields is decidable.
Proof. We claim that the ∀∃ theory of Hilbertian fields and ∀∃ theory
of infinite fields are identical. Then Proposition 3 implies the result we
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want. Note that all the Hilbertian fields are infinite fields. So the ∀∃
theory of infinite fields is contained in the ∀∃ theory of Hilbertian fields.
Conversely, suppose that there exists an ∀∃ sentence ∀x∃yϕ(x, y) with
ϕ(x, y) quantifier-free which is true in every Hilbertian fields but false in
a infinite field K. Consider the function field K(t) which is a Hilbertian
field. Note that K is existentially closed in K(t) by Theorem 15. Takes
m,n = 1 in Proposition 2 and we get K(t) |= ∃x∀y¬ϕ(x, y) which
contradicts to our assumption. This proves our claim. 
In the following paragraphs, we prove the decidability of the ∀∃ the-
ory of PAC fields. The proof is similar to the proof of the decidability
of the ∀∃ theory of Hilbertian fields. First, we demonstrate the case in
characteristic 0.
Theorem 17. The ∀∃ theory of PAC fields of characteristic 0 is de-
cidable.
Proof. From Corollary 1, the ∀∃ theory of Hilbertian PAC fields of
characteristic 0 is decidable. If we shows that the ∀∃ theory of PAC
fields of characteristic 0 and the ∀∃ theory of Hilbertian PAC fields of
characteristic 0 are identical, then we get the desired result.
Since every Hilbertian PAC field of characteristic 0 is a PAC field
of characteristic 0, the ∀∃ theory of PAC fields of characteristic 0 is
contained in the ∀∃ theory of Hilbertian PAC fields of characteristic
0. On the other hand, let’s assume that there exists an ∀∃ sentence
∀x∃yϕ(x, y) with ϕ(x, y) quantifier-free which is true in every Hilber-
tian PAC field of characteristic 0 but false in a PAC field P of character-
istic 0. From Theorem 13.4.6 in [7] we can find a Hilbertian PAC field
K of characteristic 0 which is regular extension of P. But Proposition
11.3.5 in [7] shows that P is existentially closed in K. Take m,n = 1 in
Proposition 2 and conclude that K |= ∃x∀y¬ϕ(x, y) which contradicts
to our assumption. 
Corollary 4. The ∀m∃n theory of PAC fields of characteristic 0 is
decidable for arbitrary integers m,n.
Proof. From Corollary 1, the ∀m∃n theory of Hilbertian PAC fields
of characteristic 0 is decidable for arbitrary integers m,n. Notice that
Proposition 2 shows the preservation of ∃n∀m sentences for allm,n ∈ N
over any L-structures under existential closedness. Then we can modify
the proof in Theorem 17 to show that the ∀m∃n theory of PAC fields
of characteristic 0 and the ∀m∃n theory of Hilbertian PAC fields of
characteristic 0 are identical. This proves the desired result. 
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Notice that the Corollary 1 does not show the decidability of Hilber-
tian PAC field. Therefore, we need to seek other ∀∃ theory of some
structures to prove the decidability of ∀∃ theory of PAC fields. From
Theorem 13 and Proposition 11.3.5 in [7], we discover that the ∀∃ the-
ory of Hilbertian fields of characteristic 0 and the ∀∃ theory of PAC
fields of characteristic 0 are identical. We would generalize this result
without the condition of characteristic using similar approach as before.
Theorem 18. The ∀∃ theory of PAC fields is decidable.
Proof. We claim the the ∀∃ theory of PAC fields and the ∀∃ theory of
Hilbertian fields are identical. Then Theorem 16 implies the theorem.
Suppose that there exists an ∀∃ sentence ∀x∃yϕ(x, y) with ϕ(x, y)
quantifier-free which is true in every PAC fields but false in a Hilber-
tian field H. By the result in [31], we can find a PAC field P which is
totally transcendental extension of H. Using Lemma 2, we have P |=
∃x∀y¬ϕ(x, y) which contradicts to our assumption. Conversely, assume
that there exists an ∀∃ sentence ∀x∃yϕ(x, y) with ϕ(x, y) quantifier-
free which is true in every Hilbertian fields but false in a PAC field P.
Consider the function field P(t) which is a Hilbertian field. According
to Theorem 15, P is existentially closed in P(t). Then take m,n = 1 in
Proposition 2 P (t) |= ∃x∀y¬ϕ(x, y) which contradicts to the assump-
tion. Therefore, we have proved our claim. 
4. Conclusion
In this paper, we have proved the following results:
(1) The ∃∀ theory of Hilbertian fields of characteristic 0 and perfect
Hilbertian fields are decidable,
(2) The ∀∃ theory of Hilbertian fields of characteristic 0 and Hilber-
itan fields are all decidable,
(3) The ∀∃ theory of PAC fields of characteristic 0 and PAC field
are decidable.
From [27], we know that there are still no effective methods to solve
the decidability of ∃∀ theory of different fields. Also, since Hilbert’s
tenth problem over Q and number fields are still open, we propose
the following problems about the decidability of theories in different
algebriac structures for the future developments.
(1) ∀n∃ theory of number fields for arbitrary n,
(2) ∃∀ theory of PAC fields,
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(3) ∃∀ theory of number fields,
(4) ∃∀ theory of fields of characteristic 0,
(5) ∃∀ theory of fields.
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